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This research evaluates the effects of shakedown and soil asphalt interaction on the
dynamic simulation of flexible layered pavement structure. In a newly developed assess-
ment methodology the shakedown concept is implemented for the granular layer under
asphalt concrete. Under this assessment granular material behaviour changes from plastic
to elastic as a function of the number of loading cycles. Interactional forces are considered
through contact elements placed between the base and the asphalt layer. A nonlinear stress
dependent model in the elastic domain and the Mohr–Coulomb constitutive model in the
plastic domain are utilised to simulate the behaviour of granular layers and the results of
the simulation are validated with previously published literature. One static simulation
and three different dynamic simulations under cyclic Haversine loading of a single tyre
dual axle are then compared with each other. The first dynamic simulation assumes
Mohr–Coulomb plasticity, the second simulation considers the shakedown effects and
the third simulation calculates soil asphalt interactional forces.

� 2016 Elsevier Ltd. All rights reserved.
Introduction The behaviour of granular materials can be divided into
In flexible pavement engineering the significant role of
the granular layers in rutting failure is well known. The
investigation of the contribution of granular materials in
rutting and surface deflection in accelerated pavement
tests has been previously examined (Little, 1993;
Pidwerbesky, 1996; Arnold et al., 2001; Korkiala-Tanttu
et al., 2003). Based on this research, the layers containing
granular materials have been considered responsible for
30–70% of the rutting deflection occurring at the surface
of flexible pavements. The rutting itself is governed by
the permanent deformation and the residual plastic strains
induced inside the granular body in each loading cycle.
This is why the investigation of unbound granular materi-
als (UGM) and their reaction to the cycles of traffic loading
is considered critical.
two parts: elastic range and plastic range performance.
Whilst induced stress remains in the elastic domain,
material behaviour can be modelled as linear elastic or
nonlinear elastic. For UGM it is more realistic to consider
a stress dependent elastic modulus where elastic modulus
(or resilient modulus) is not constant during the
increments of loading. Such an approach has been widely
used in previous research (Cho et al., 1996; Kim and
Tutumluer, 2006; Kim et al., 2009; Lee et al., 2009;
Cortes et al., 2012; Ghadimi et al., 2013a,b,c). There is a
variety of nonlinear constitutive models developed
especially for granular material assessment in flexible
pavement. Nonlinearity of granular material can be consid-
ered through the dependency of the resilient modulus to
the strain tensor (Hjelmstad and Taciroglu, 2000;
Taciroglu and Hjelmstad, 2002) to the bulk stress (Seed
et al., 1962; Hicks and Monismith, 1971) or to the stress
invariants representing deviatoric and bulk stress condi-
tions (Uzan, 1985; Witczak and Uzan, 1988). Amongst
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forms of nonlinearity, the latter has found more interest
amongst flexible pavement researchers where UGM beha-
viour is largely defined as a function of deviatoric and bulk
stress conditions simultaneously.

If no cap is defined for the UGM, the stress–strain path
will remain the same in the loading and unloading scenar-
ios. However, in reality there is some residual strain in the
UGM layers after each loading cycle which necessitates the
usage of elastoplastic constitutive models in the numerical
simulation of the granular layers. There are various consti-
tutive models to represent plastic behaviour of UGM.
Among them Drucker–Prager criterion and Mohr–Coulomb
criterion have been used commonly in the simulation of
granular materials in flexible pavement (Zaghloul and
White, 1993; Shen and Kirkner, 2001; Saad et al., 2005;
Ghadimi et al., 2014). The two criteria are compared in
Fig. 1 where r1, r2 and r3 are the three principle stresses.
The main disadvantage of the Moher–Coulomb criterion
when compare to the Drucker–Prager criterion is in the
numerical simulation where the failure surface is not a
smooth differentiable surface and may cause some incon-
sistency during incremental analysis. However, Clausen
et al. (2007) introduced a method to include Mohr–Cou-
lomb criterion in the ABAQUS programme through a
piece-wise function and return algorithm and this same
methodology is employed in this study.

The goal of numerical simulation of pavement structure
is to evaluate the mechanical responses to a given traffic
load. The usage of a general purpose finite element pro-
gramme made this approach more feasible in the field of
pavement engineering. ABAQUS programme is used by
many researchers who have conducted numerical simula-
tions (Zaghloul and White, 1993; Uddin et al., 1994; Kim
and Tutumluer, 2006, 2010; Cortes et al., 2012; Ghadimi
et al., 2013a,b,c, 2014). This software programme permits
researchers to define new constitutive models for the
materials in the simulation of different types of loading
and boundary conditions. The accuracy of finite element
simulation can be adjusted through geometrical dimension
(two dimensional or three dimensional), assumed materi-
als behaviour (linear, nonlinear, elastic or plastic), bound-
ary conditions (rollers, clamped or infinite elements) and
loading conditions (static or dynamic).

Static loading provides the advantage of simplifying
computing efforts when a complex material model is used.
Fig. 1. Yield criteria used for granular materials.
Many researchers have investigated the effects of material
behaviour in layered flexible pavement under static load-
ing (Cho et al., 1996; Myers et al., 2001; Holanda et al.,
2006; Kim and Tutumluer, 2006; Kim et al., 2009;
Ghadimi et al., 2013a,b,c). However, the assumption of sta-
tic loading overlooks some important aspects. For example
the effects of damping and body forces are ignored in static
analysis. This may result in the calculation of larger defor-
mation in static loading than actual experiments. Such
effects have been reported in previous studies (Zaghloul
and White, 1993; Uddin et al., 1994; Saad et al., 2005). Fur-
thermore, under the assumption of static conditions, the
effects of the unloading path cannot be investigated. This
is especially important if material behaviour is dependent
on loading path (elastoplastic).

The numerical analysis of pavement layers subjected to
dynamic loading provides more accurate insight into the
actual mechanical responses of the pavement structure.
This, however, necessitates more complex computation.
One of the earliest studies considering dynamic loading
in numerical simulation was conducted by Zaghloul and
White (1993) where ABAQUS software was employed to
simulate the responses of layered flexible pavement. After
this study, dynamic simulation has continued to grow
amongst pavement researchers (Uddin and Pan, 1995;
Saad et al., 2005; Bodhinayake, 2008; Al-Qadi et al.,
2010; Ghadimi et al., 2014). In dynamic simulation major
points which need to be considered include the effects of
boundary conditions, layer interactions, the wave function
of loading pluses and any materials change due to loading
cycles. Boundary conditions can be simulated as rollers and
pins (Zaghloul and White, 1993; Uddin and Pan, 1995;
Bodhinayake, 2008) or infinite elements (Al-Qadi et al.,
2010; Ghadimi et al., 2014). The latter may reduce the
effects of reflective stress waves in the simulated medium.
In terms of layers interaction, there are only a few studies
that consider this effect in flexible pavements (Pan et al.,
1994; Baek et al., 2010; Ozer et al., 2012), but have been
considered in the other similar layered structure assess-
ment (Mishra and Tutumluer, 2012). Loading pulses from
tyres may also be simulated to have a triangular (Saad
et al., 2005; Bodhinayake, 2008), trapezoidal (Zaghloul
and White, 1993), sinusoidal (Al-Qadi et al., 2010) or
Haversine (Ghadimi et al., 2014) function varying in the
time span of the stress pulse. The behaviour of the granular
layers is assumed to be modified in each of the loading
cycles.

In the case that applied load exceeds yield criterion of
the UGM, the response of the granular material may
change according to the cycles of loading. To study this
phenomenon the shakedown theory was developed
(Melan, 1938; Zarka and Casier, 1979). This theory was
applied through limit analysis in flexible pavement layers
by Sharp and Booker, 1984, 1985. Other approaches to cal-
culate the analytical shakedown limit in a layered flexible
pavement subjected to tyre pressure can be via the upper-
bound solution (Collins and Boulbibane, 1998) or the
lower-bound solution (Yu and Hossain, 1998). Researchers
have also tried to investigate the shakedown limits of UGM
in laboratory experiments (Barksdale, 1972; Siripun et al.,
2010; Cerni et al., 2012). The experimental approaches
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usually are conducted through long-run triaxial dynamic
loading tests performed in various stress ratios for a large
number of loading cycles. In recent years, attempts have
been made to consider the effects of shakedown in
pseudo-dynamic finite element simulation of pavement
structure (Habiballah and Chazallon, 2005; Allou et al.,
2009; Chazallon et al., 2009; Ghadimi et al., 2014). How-
ever, there is still a need to implement a shakedown model
in a dynamic analysis. In the current study three dimen-
sional models has been constructed and the effect of
shakedown for granular materials has been considered
under dynamic analysis.

This study aims to investigate the effects of dynamic
loading on granular materials used in the base of the flex-
ible pavement structures considering soil-asphalt interac-
tion (SAI) and shakedown effects. A series of three
dimensional dynamic simulations were conducted on
models constructed in ABAQUS software. In these simula-
tions the asphalt layer was assumed to be linear elastic
whilst the base and the subgrade had nonlinear elastoplas-
tic properties. The outcome of these dynamic simulations
highlights the important effects of shakedown and SAI in
critical design parameters of the pavement structure.

Mechanical responses of granular materials to cyclic
loading

The mechanical responses of UGM subjected to cyclic
loading in the field of pavement engineering can be studied
in three stages: (a) in the elastic domain and before the
yield, (b) in the yield state and (c) in the growth of the plas-
tic zone after the yield.

In the elastic domain, the stress–strain relationship of
the materials is assumed to be the same in loading and
unloading. This simple relationship can be defined when
stress is a linear function of strain according to Hook’s
law. In three dimensional continuum mechanics it can be
written as follow:
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where rij is the stress components in three different
orthogonal directions (x, y and z), eij is the strain compo-
nents in three different orthogonal directions (x, y and z),
E is the elastic modulus and m represents the Poisson ratio.

In flexible pavement, the concept of the resilient modu-
lus (MR) replaces the elastic modulus. Resilient modulus is
the elastic modulus based on the recoverable strain.
However, the linear relationship between stress and strain
in UGM may be another simplification which may not rep-
resent the materials actual behaviour. As mentioned previ-
ously, many different relationships have been introduced
to represent the nonlinear relationship of stress and strain
in UGM (Witczak and Uzan, 1988). Eq. (2) determines the
mathematical form of this model:

MR ¼ K1P0
I1
P0

� �k2 soct
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� �k3

ð2Þ
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In this equation the resilient modulus of granular (MR)

is related to the first invariant of the stress tensor (I1)
and the octahedral shear stress (soct). P0 is the unit pres-
sure, K1, k2 and k3 are the materials constants determined
from laboratory tests. Many studies have employed the
model to investigate UGM behaviour (Cho et al., 1996;
Kim and Tutumluer, 2006; Bodhinayake, 2008; Kim et al.,
2009; Ghadimi et al., 2013) as the model considers the con-
tribution of both hydrostatic and deviatoric components of
stress in the determination of the resilient modulus.

The behaviour of UGM cannot be defined by the elastic
modulus. If the combination of stress components induced
in the UGM exceeds a certain limit then it is assumed that
the material has reached the plastic limit. This limit is
based on components of stress to indicate the maximum
capacity of stress that can be sustained by materials before
plasticity. A well-known Mohr–Coulomb criterion is one of
the earliest developed flow rules where the plastic cap of
granular materials is stated in terms of the friction and
cohesion of granular components. The Mohr–Coulomb
flow rule is indicated in Eq. (3) (Yu, 2006):
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In the equation hl is Lode’s angle, c is cohesion and u is
internal friction of materials.

Although the introduction of yield limit provides a more
realistic estimation of UGM responses to loads/pressures, it
cannot account for any change in the materials due to the
cycles of loading. In other words, applying the same mag-
nitude of loading on an element of UGM will result in the
same magnitude of strain. However, this is not always a
true indication of UGM responses to cyclic loading. In fact
there are cases in which UGM demonstrates negligible



Fig. 2. Response of granular materials to cyclic loading.
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plastic strain after sufficient cycles of loading have been
applied. Fig. 2 illustrates these two different responses.

One of the useful approaches to deal with this phe-
nomenon is the application of the shakedown theory
developed by Melan (1938). According to Boulbibane and
Weichert (1997) if repeated loading on the granular
induces stress beyond the yield surface, three different
responses may be observed. Fig. 3 illustrates these
responses schematically.

In case A the residual strain in the materials increases
almost without limit. This so-called ‘‘ratcheting” state is
close to what can be predicted applying simple Mohr–Cou-
lomb criterion to a cyclic loading. In the responses like case
B, residual strain in the materials grows to some extent,
but at some stage the growth is stopped and further cyclic
loading produces closed hysteresis loops of stress–strain.
Finally in case C the growth of residual strain is practically
diminishes when sufficient loading cycles are applied. Case
B and case C are cases of plastic and elastic shakedown
respectively (Boulbibane andWeichert, 1997). It can there-
fore be concluded that there are conditions in cyclic load-
ing of UGM in which the growth of plastic strain is
limited. From an engineering point of view, a design
including pavement layers cannot allow a loading large
enough to produce case A conditions. However, cases B
and C may be tolerated especially in flexible pavement
structures where a restricted amount of permanent defor-
mation will not reduce functionality.

The shakedown effects especially have a role in the
dynamic simulation of pavement structure where a large
number of loading cycles is considered. It can be under-
stood from Fig. 2 that if shakedown effects are not consid-
ered, a gradual growth of residual strain is calculated to be
Case BCase A

Fig. 3. Three different hysteresis loops of
limitless. In numerical simulation this leads to divergences
in calculation. However, shakedown may result in cases
where stable behaviour of materials is achieved after the
initial cycles of loading. Therefore considering shakedown
effects may assist the numerical simulation to converge.

Characteristics of the finite element model

In this study finite element methodology (FEM) is
employed to conduct numerical simulations of the
dynamic loading on the layered structure of flexible pave-
ment. The preliminary simulations were conducted using
proper mesh density and distance of boundary conditions.
Three dimensional modelling of a dual tyre single axle load
producing a uniformly distributed pressure of 750 kPa over
a rectangular area of the tyre contact was considered. The
nonlinear elastoplastic behaviour of UGM is considered
based on Witczak–Uzan and Mohr–Coulomb model as
explained in the previous sections. In all the simulations
asphalt layers were assumed to behave linear elastically.
Special attention in this simulation is given to the base
layer where two cases considering shakedown effects are
investigated. Specifically developed material behaviour
was implemented through user-defined material subrou-
tine (UMAT) in the implicit dynamic analysis in ABAQUS
software.

Geometric properties of the model

Three possible models can be selected: (a) 2-
dimensional plane strain model, (b) 2-dimensional
axisymmetric model or (c) 3-dimensional models. Whilst
there are still debates amongst researchers about the
Case C

UGM in response to cyclic loading.
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benefit-cost ratio of three dimensional modelling, it is a
generally accepted idea that three dimensional analyses
provide more accurate results (Cho et al., 1996; Saad
et al., 2005; Ghadimi et al., 2013a,b,c). Three dimensional
modelling enables simulation of different tyre foot prints
on an asphalt layer as well as different tyre-axle combina-
tions. However, the computation time of the models
increases by an order of 3. In this simulation three dimen-
sional models were constructed in ABAQUS software in
order to consider complete single axle dual tyre loading
effects.

In this analysis width, length and height of the model is
selected to be greater than those recommended in the lit-
erature (Kim et al., 2009) to minimise the effect of bound-
ary conditions on the results. The mesh distribution is
selected to be finer, closer to the tyre loading and coarser
close to the model boundaries (Fig. 4).

Conducting the mesh sensitivity analysis, the final
model was constructed from 59,392 elements and 64,185
nodes. The model has two classes of elements to represent
soil medium (C3D8R) and the infinite boundaries of the
model (CIN3D8).

Layer properties

Since the research is focused on UGM, the asphalt layers
are simulated with linear elastic properties. This can also
be justified knowing that asphalt stiffness is far larger than
those for UGM.

To study the effects of layer interaction in dynamic
analysis, the interface element was defined between the
asphalt and granular layers. The interface elements have
Coulomb frictional behaviour where the contact stress is
distributed according to Eq. (4) where the pressure is cal-
culated based on the virtual distance of two surfaces.

P ¼ 0 if t < 0 ðopenÞ
t ¼ 0 if p > 0 ðclosedÞ

�
dW ¼ dpdt þ dpdt ð4Þ
Fig. 4. Constructed mesh for dynamic analysis.
In this equation W is the virtual work, t is the virtual
distance between surfaces and p is the distributed stress.

Loading and boundary conditions

The contact pressure of the tyres is uniformly dis-
tributed on an equivalent rectangular area (Huang, 2004).
The analyses were conducted in the simulation of a single
axle dual tyre based on AUSTROADS (2004). The loading
condition is schematically represented in Fig. 5.

The Haversine function is selected to adopt the varia-
tion in loading pressure over time. It should be noted that
the stress pulses are not continuous and there is a rest gap
between each pulse. Fig. 5 illustrates the amplitude of con-
tact stress in time where loading occurred at 0.1 s and a
rest period spanned 0.9 s.

The model is clamped at the bottomwhich prevents any
degree of freedom for all nodes at the bottom surface.
However, sides of the mediumwere modelled through infi-
nite elements which can reduce reflection of pressure
waves. These elements apply damping to induced stress
according to Eq. (5):

rxx ¼ �dpvx

rxy ¼ �dsvy

rxz ¼ �dsvz

8><
>: ð5Þ

where dp and ds denote the ratio of damping to pressure
waves and shear waves and v is the velocity.
Constitutive modelling of materials

Asphalt

The contribution of the asphalt layer in the layered
pavement structure is to resist against the force induced
by tyre pressure. The stiffness and strength of this layer
is significantly higher than other granular layers. It is also
worth mentioning that the focus of the current study is
to investigate the effect of shakedown on the granular lay-
ers. Therefore for the purpose of simplicity and to avoid
unnecessary complexity in an understanding of the results,
asphalt layers are modelled as a linear elastic material. This
assumption is also used by other researchers (Saad et al.,
2005) to numerically model the pavement response.

Base

The nonlinearity of the base materials is also investi-
gated in this research. The nonlinear behaviour of the
materials is considered in both the elastic and the plastic
domains. Nonlinear elasticity is implemented through
Witczak and Uzan’s (1988) stress dependent model
described in Eq. (2). The initial yield surface to consider
plasticity is defined by the Mohr–Coulomb in Eq. (3).
Mohr–Coulomb criteria can produce some difficulties at
vertices (Saad et al., 2005). However, using a piece wise
function in the simulation as introduced by Clausen et al.
(2007) the Mohr–Coulomb was integrated into the
analysis.



Fig. 5. Single axle dual tyre loading and Haversine pulses in time.
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Shakedown behaviour of the material to simulate the
UGM is shown in Fig. 2. When loading is applied three
cases of stress field occurs as follows:

L2 6
gðrk

ijÞ > L1 ! epijðtÞ ¼ f 1ðNÞepijð0Þ
gðrk

ijÞ 6 L1 ! epijðtÞ ¼ f 2ðNÞepijð0Þ
gðrk

ijÞ < L2 ! epijðtÞ ¼ f 3ðNÞepijð0Þ

8>><
>>: ð6Þ

In this equation N is the number of load cycles and f1, f2
and f3 are the experimentally indicated function of N. L1, L2
and L3 are limits applied to stress fields indicated as g (r).
Superscript k indicates the number of increments and sub-
script i and j are indicators of the co-ordinates. In this
equation ep(0) is the initially induced plastic strain.

Without considering the effects of shakedown, plastic
strain is solely determined by the stress field as a function
of the loading magnitude. In repetitive constant loading,
the stress field induced in each cycle does not vary signif-
icantly and almost constant values of plastic strain are pro-
duced in each of the cycles. However, if the stress field
satisfies the shakedown conditions (determined by L limits
in Eq. (6) the behaviour of the material gradually moves
from elastoplastic to purely elastic (hypothetically when
the number of cycles tends to infinity). This case is mathe-
matically presented in Eq. (7):

rN ¼ CNeN

if N ¼ 1 ! rN ¼ ðCNÞepðeNÞep

if N ! 1 ! rN ¼ ðCNÞeðeNÞe
( ð7Þ

where N is the number of cycles and C is the material stiff-
ness matrix. Superscript e indicates elastic behaviour
whilst superscript ep indicates elastoplastic behaviour.

Eq. (6) can be differentiated in terms of time as follows:

@ep

@t
¼ @f ðNÞ

@N
ep0 ð8Þ

And from Eq. (7) it can be written

if N ¼ 1 ! @f ið1Þ
@N ¼ 1

if N ! 1 ! @f iðNÞ
@N ¼ 0

(
ð9Þ
Substituting Eqs. (6) and (7) into (9) the material stiff-
ness matrix can be modified as follows:

rN ¼ @f ðNÞ
@N

� �
ðCNÞepðeNÞep þ 1� @f ðNÞ

@N

� �
ðCNÞeðeNÞe ð10Þ

The change of behaviour according to the number of the
loading cycles can be simulated through Eq. (10).
Subgrade

The subgrade of flexible pavements is usually con-
structed from lower quality materials. The subgrade may
be variable from clayey soil to fine sand. The current
Mohr–Coulomb elastoplastic model is applied to simulate
the behaviour of soil in the subgrade layers. The soil prop-
erties are selected to represent medium quality subgrade.
In this layer the shakedown effects are not considered.
The numbers of static simulations indicates that stress
passed from the base layer to the subgrade will fall below
the elastic limit of the shakedown and therefore the inclu-
sion of a subroutine will only increase computation time.
Effect of dynamic analysis

Static analysis vs dynamic

The first step of the analysis was to verify the simula-
tion in the nonlinear elastic domain for static loading. Sta-
tic analysis also helps to understand the effect of dynamic
loading more inclusively. The nonlinear elastic constitutive
model was implemented in the same approach introduced
by Kim et al. (2009). The same model was then recon-
structed to verify the developed UMAT for nonlinear elastic
assessment. The model used an axisymmetric medium
with linear asphalt layer and a nonlinear base layer. The
properties of the nonlinear materials were considered
through the Witczak and Uzan (1988) stress dependent
model where K1 = 4.1 MPa, k2 = 0.64 and k3 = 0.065.

The results of four critical responses for the flexible
pavement calculated in the current study were then
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compared by the responses reported by Kim et al. (2009),
and are presented in Table 1.

As it can be seen, the results of the simulation in the
current study are very similar to those reported by Kim
et al. (2009).

In the next part of the analysis, the three dimensional
model described in the Section Geometric properties of
the model was subjected to both static and dynamic load-
ing as stated in Section Loading and boundary conditions.
In this step, the weight of the soil was considered. The
modelled soil body had initial at rest stress before being
subjected to the tyre pressure.

For this analysis material properties are listed in Table 2.
The granular base is simulated to reflect nonlinear elastic
(Witczak and Uzan, 1988) and also plastic Mohr–Coulomb
responses. A 10% Rayleigh damping was included to reduce
the resonance effects in the modelled area. The density of
the materials used were selected according to typical
materials detailed in AUSTROADS (2004) specifications.

The calculated results of the static and dynamic analysis
in terms of vertical deformation are illustrated in Fig. 6. It
can be seen that maximum static vertical deformation
occurred beneath the inner tyre and reached 1.03E�3 m
(1.03 mm).

The contours of vertical deformation in the dynamic
analysis are similar to those in static analysis but have
smaller values. Table 3 presents the calculated values of
the four critical design parameters for both of the analyses.
The values are presented for the axis passing through the
edge of the outer tyre. The smaller deformation in the
dynamic analysis has been reported in the literature
(Zaghloul and White, 1993; Saad et al., 2005) and same is
confirmed in this study. Another observation can be made
by comparison between the results of 1000th and final
cycle of the dynamic analysis where a significant increase
of critical responses can be reported in the final cycle. For
example an increase of 400% is calculated for the vertical
Table 1
Verification of the nonlinear elastic model.

Critical response Current research
(linear)

Kim–Tutumlu
(linear)

Surface deflection (mm) 0.930 0.930
Tensile strain bottom of AC 251E�6 227E�6
Compressive strain top of SG 921E�6 933E�6
Compressive stress (kPa) top of SG 40 41

Table 2
Material properties in dynamic analysis.

Properties Layer

Asphalt (AC)

Thickness 100 mm
E 2800 (MPa)
m 0.35
u 0
C 0
w 0
Density (kg/m3) 2400
Rayleigh damping 10%
strain at the top subgrade (from 217E�6 at the 1000th
cycle to 870E�6 at the end of analysis). This increase can
be explained by the effect of the Mohr–Coulomb constitu-
tive models and the accumulation of constant residual
plastic strain.

Fig. 7 presents the sequence of the vertical deformation
in the 1000th cycle of dynamic analysis for the outer tyre
in both longitudinal and transverse directions. The longitu-
dinal direction is the direction of the travel whilst the
transversal direction is the direction of the axle of the vehi-
cle. The loading is assumed to be a stress pulse of duration
0.1 s whilst there is a 0.9 s rest period between each cycle
of loading. From Fig. 7 it can be seen that there is perma-
nent surface deformation after completion of the rest per-
iod (at the end of each 1 s cycle). This can be attributed to
the elastoplastic constitutive model which causes plastic
strain in the granular layers.

It can be observed that the vertical deformation gradu-
ally increases to reach to a final value of 4E�4 m (0.4 mm)
in 0.1 s at the end of pulse loading phase. Then this defor-
mation reduced to1.5E�5 m in 0.9 s in the rest period. This
residual permanent deformation is a result of accumulated
permanent deformation in the flexible pavement structure.

In Fig. 7 the maximum vertical deformation is calcu-
lated to be beneath the inner tyres of a single axle dual tyre
loading. It can be said that the critical loading tyre for
design purposes is therefore the inner tyre.

A comparison between the loading and rest period in
the transverse direction indicates the clear effects of the
tyres in the pulse loading phase, whilst the rest period does
not result in such effects.

Long term dynamic analysis

The long term dynamic response of granular materials
is studied in this section. The dynamic analysis is con-
ducted for 100,000 cycles of tyre loading. If an elastoplastic
er Current research
(nonlinear)

Kim–Tutumluer
(nonlinear)

1.276 1.240
312 E�6 267E�6
1170E�6 1203E�6
54 Not presented

Base Subgrade

200 mm 2000 mm
K1 = 332 (MPa), k2 = 0.08, k3 = 0.2 50 (MPa)
0.4 0.45
30� 20�
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15� 10�
1800 1700
10% 10%



Fig. 6. Vertical deformations in dynamic (left) and static (right) analysis.

Table 3
Comparison of the critical responses between static and dynamic simulation.

Analysis Vertical deflection (top of AC) Tensile strain (bottom of AC) Compressive strain
(top of SG)

Compressive stress
(top of SG)

Static 1.01 mm 231E�6 940E�6 50.70 kPa
Dynamic-1000th cycle 0.4 mm 150E�6 217E�6 19.11 kPa
Dynamic-final cycle (78,979 cycles) 1.0 mm 1050E�6 870E�6 57.70 kPa
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constitutive model is assumed, the effect of long term
dynamic loading on the residual displacement and accu-
mulated plastic strain can be significant. Fig. 8 presents
the surface deflection underneath the exterior tyre during
the loading cycles.

The equivalent plastic strain is a scalar value that can be
a representative of plastic strain tensor in each increment.
Equivalent plastic strain in each increment is defined as
follow:

PEEQ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
PEij : PEij

r
ð11Þ

where PEEQ is equivalent plastic strain and PEij are the
components of plastic strain tensor at the given increment
of analysis.

It can be seen from Fig. 8 that the initial vertical deflec-
tion of 4E�4 m increased linearly to 10E�4 m at the end of
the simulation where a numerical divergence occurred due
to the unacceptable large strain.

The vertical strain and equivalent plastic strain growth
during the loading cycles are presented in the Fig. 8. Whilst
the vertical strain at the first 1000 cycles of loading
reached to �0.000876 it gradually increased to �0.0037
as shown in Fig. 8. The increase of vertical strain is almost
linear which implies the accumulation of the same amount
of plastic energy in every cycle of loading.

This can be confirmed when the trend of the equivalent
plastic strain (SDV4) is studied (Fig. 8). Due to a linear
increase in equivalent plastic strain, the simulation
exceeded the range of the small strain assumption and
therefore diverged. Fig. 9 shows the sequences of develop-
ment in the contours of equivalent plastic strain in the base
layer. It can be seen that the granular materials yielded
beneath the loading tyres.

The hysteresis loops of the stress–strain at the top of
the base layer under the outer tyre are presented in
Fig. 10. It can be seen that the growth of the hysteresis loop
is continuous across the total loading time. In the final
cycles, the hysteresis loops create the same area (approxi-
mately) in the loading cycles (Fig. 10) which mean the con-
stant accumulation of energy in each cycle.
Effect of shakedown

Simulation of triaxial sample

The constitutive model to reflect shakedown effects is
included in the simulation of the triaxial tests. An axisym-
metric model to represent a standard triaxial cylinder is
simulated in ABAQUS. The results of the PRG group at Cur-
tin University (Siripun et al., 2010) were used for the pur-
pose of verification. In this model the material properties
stated in Table 1 by Siripun et al. (2010) is also adopted
in the simulation. The previously described method to
include the shakedown effect is integrated in the Mohr–
Coulomb constitutive model. Fig. 11 illustrates the calcu-
lated results of accumulated plastic strain after 600,000
cycles. A similar trend of increase in plastic strain can be
seen in this figure whilst the maximum difference is less
than 3%.



Fig. 7. Longitudinal (up) and transverse (bottom) deformation without the shakedown.

Fig. 8. Mechanical responses of the base beneath the tyre without shakedown.
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Fig. 9. Sequence of equivalent plastic strain development without shakedown.

Fig. 10. Initial cycle (left) and final cycle (right) hysteresis loops without the shakedown.
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Fig. 11. Verification of the shakedown model.
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Another comparison has been made between the exper-
imental results by Habiballah and Chazallon (2005) and
the current methodology. The material properties stated
in Table 3 of their research is adopted in this model to
replicate the growth of plastic strain in repeated triaxial
cyclic loading. In this experiment three different values
of deviator (q) and confining pressure (p) are selected such
that the ratio of q/p is always equal to 3. Fig. 11 illustrates
the results of the numerical simulations in the current
study versus the experimental results published by
Habiballah and Chazallon (2005). The results of their
experiments closely follow the results of this study with
no more than 5% difference (at 20,000 cycles).

Based on the presented calculations in Fig. 11, it can be
said that the proposedmethodology in Section Constitutive
modelling of materials does successfully simulate the
shakedown response of granular materials across different
stress states and can successfully simulate dynamic
response of granular materials in the base layer of flexible
pavements whilst shakedown occurs.
Long term shakedown effects

In this section, the same model used in Section Effect of
dynamic analysis is utilised. The material properties are
the same as stated in Table 3. A decay function as reported
by Siripun et al. (2010) is adopted to replicate the growth
of plastic strain in granular layers depending on stress
states.

Fig. 12 presents the calculated responses of the layered
pavement in sequences of pulse loading and rest period in
the first 1000 cycles. It can be seen that the results of the
deflection are close to those calculated in Section Effect
of dynamic analysis where the maximum deflection is
0.4 mm with a residual of 0.015 mm. This shows that the
shakedown did not played a significant role in the response
of the pavement during the first 1000 cycles of loading.

However, the effect of shakedown is more noticeable
when the long term response of the pavement is consid-
ered. Fig. 13 shows the development of vertical deforma-
tion in long term dynamic loading. Here the
accumulation of vertical deformation does not linearly
increase like in Section Effect of dynamic analysis. In this
simulation the rate of accumulation of vertical deforma-
tion decreased by the number of loading cycles. The accu-
mulated deformation increased from 4E�4 m to 5.8E�4 m
at the end of the dynamic simulation. This can be com-
pared with 10E�4 m vertical deformation when shake-
down effects are not taken into account.

The effect of shakedown can also be studied on the
gradual growth of vertical strain. Fig. 13 illustrates the ver-
tical strain at the top of the base layers. In this figure it can
be seen that vertical strain has increased from 0.000582 to
0.000682. This is 18.4% of the value that has been calcu-
lated as vertical strain when shakedown is not considered.
It can also be observed that the growth of vertical strain is
very small at the end of the dynamic analysis.

The results of accumulated equivalent plastic strain are
demonstrated in Fig. 13. It can be seen that the equivalent
plastic strain is less than 25% of the calculated value when
shakedown effects are not considered.

The contours of development of equivalent plastic
strain in the base layer during the different cycles of load-
ing are illustrated in Fig. 14. The plastic strain developed
initially at the top of the base layer, but gradually moved
downward to the bottom of the base layer. This can be
understood given the compaction of granular materials in
the loading cycles.

The hysteresis loops of stress–strain are presented in
Fig. 15. It can be seen that in the initial cycles of loading,
the hysteresis loops move from the smaller to the larger
strain. However, this movement slows significantly in the
final loading cycles. It appears that the hysteresis loops
are repeating each other in the same path. This is similar
to the behaviour presented in case B of Fig. 3.

The results of the four critical pavement responses of
this simulation are presented in Table 4. All values
increased from the initial to the final cycle except for ver-
tical stress at the top of subgrade which decreased. This is
due to the compaction of the base layer which resulted in
less stress being induced in the subgrade layer.
Effect of soil-asphalt interaction

In this section the effects of SAI is investigated. Since
the asphalt layer is modelled as a linear elastic material,



Fig. 12. Longitudinal (up) and transverse (bottom) deformation with the shakedown.

Fig. 13. Mechanical responses of the base beneath the tyre with the shakedown.
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Fig. 14. Sequence of equivalent plastic strain development with shakedown.

Fig. 15. Initial cycles (left) and final cycles (right) hysteresis loops with shakedown.
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Table 4
Reponses of the flexible layer in dynamic analysis (Model 2).

Time Vertical deflection (top of AC) Tensile strain (bottom of AC) Compressive strain (top of SG) Compressive stress (top of SG)

First 1000th cycles 0.4 mm 168E�6 440E�6 30.8 kPa
Final 0.58 mm 114E�6 480E�6 18.8 kPa
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and the structural element, and the elastoplastic granular
base layer is the soil element. The interaction is modelled
through interface elements which are considered hard con-
tact in the normal direction, and frictional in tangential
direction.

The vertical deformation in pulse loading and rest per-
iod is illustrated in Fig. 16. Comparing Figs. 16 and 7, a
slight decrease in the vertical deformation can be seen
when the interaction effects are considered.

In Fig. 17 the accumulation of vertical deformation is
presented. The increasing trend is smaller when compared
with those presented in Figs. 8 and 13. In this figure verti-
cal deformation increased from 3.75E�4 m to 5.8E�4 m.
The effect of dissipation between the base and the asphalt
layer can be attributed to the reduction of vertical defor-
mation in this simulation.

The gradual increase of vertical strain and equivalent
plastic strain is illustrated in Fig. 17. The vertical strain
increased from 0.000265 to 0.000310. This is less than
50% of the vertical strain calculated from simulation in
the previous section (0.000682). The interaction between
the base and the asphalt has also reduced the development
Fig. 16. Longitudinal (up) and transvers
of equivalent plastic strain in comparison with previous
simulation.

The progress of equivalent plastic strain is illustrated in
Fig. 18. It can be seen that the strain is mainly distributed
at the top of the base layer during the simulation period. It
is different to the trends in the previous section which note
that the plastic strain developed from the top to the bot-
tom of the layer. It can be seen that the location of plastic
strain is restricted and cannot progress significantly down
the bottom parts of base layer.

The hysteresis loops of stress–strain in this simulation
are presented in Fig. 19. In comparison with Fig. 15, less
area is enclosed in the hysteresis loops in this simulation.
This suggests the behaviour is similar to the elastic shake-
down noted in case 3 (Fig. 3).

In Table 5 the four critical responses of simulated pave-
ment structure are presented with the effects of shake-
down and SAI. The calculated values in this section are
less than the previous section. For example, in this section,
vertical strain reached to 360E�6 at the end of the analysis.
This value is comparable with 480 E�6 calculated in the
previous section.
e (bottom) deformation with SAI.



Fig. 17. Mechanical responses of the base beneath tyre with SAI.
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Discussion

A comparison between all three different simulations
can lead to a better understanding of the mechanical
responses of granular materials under stress in pavement
layers. It should be remembered that in the first simulation,
the base layer behaviour ismodelled by theMohr–Coulomb
constitutive equation. In the second simulation the Mohr–
Coulomb equation ismodified in each loading cycle to repli-
cate shakedown effects. In the third simulation, the effects
of SAI are also considered in dynamic simulation.

The developed permanent deformation in the three
simulations is presented in Fig. 20. It can be seen that the
simulation with SAI, has the least surface deformation at
the end of analysis. The final value of surface deformation
in simulation 3 is less than half of the calculated value in
the first simulation. Therefore, it can be stated that the
shakedown and SAI have both reduced the long term sur-
face deformation of the pavement layers significantly.

The same trend can be seen in the development of ver-
tical strain and the equivalent plastic strain in the base
layer. For example the final value of the equivalent plastic
strain in the third simulation is less than 10% of what is
calculated in the first simulation.

In Fig. 21, the final hysteresis loops of the three simula-
tions are presented. A comparison between this figure and
Fig. 3 indicates similar responses. In reference to these two
figures, the first simulation is similar to case A, the second
simulation is similar to case B and the third simulation is
identical to case C. In comparison with the concept intro-
duced by Collins and Boulbibane (2000), it can be said that
the first simulation reflects ‘‘ratcheting behaviour”, the
second simulation reflects ‘‘plastic shakedown” and the
third simulation leads to ‘‘elastic shakedown”.

In Table 6 a comparative percentage of the four critical
responses are presented. The values for the three different
dynamic simulations are normalised by the calculated val-
ues in the static simulation. It can be seen, that the simple
Mohr–Coulomb assumption (simulation 1) leads to
responses close or even higher than the static analysis at
the end of the dynamic analysis. On the other hand, a
meaningful reduction in these responses can be seen when
shakedown (simulation 2) and SAI (simulation 3) are
considered. It should be mentioned that these four critical
values are important in flexible pavement design codes
(AASHTO, 1993; AUSTROADS, 2004). In these codes, the
values of these responses are calculated in a very simple
static linear elastic analysis and then, other complex
effects are implemented through design trial function (also
called transfer function). However, with the development
of computational technology it will be possible to conduct
a complete mechanical analysis for the entire life time of a
given pavement structure.

It is also important to note that in simulation 3, the
reduction of critical design values can be attributed to
the dissipation of the energy due to interfacial forces
between the base and the asphalt layers. This is especially
important if the concept of shakedown is considered
because it can change the predicted failure mechanism of
the entire layered structure.
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Fig. 18. Sequence of equivalent plastic strain development with SAI.

Fig. 19. Initial cycles (left) and final cycles (right) hysteresis loops with SAI.
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Table 5
Reponses of the flexible layer in dynamic analysis (Model 3).

Time Vertical deflection (top of AC) Tensile strain (bottom of AC) Compressive strain (top of SG) Compressive stress (top of SG)

First 1000th cycles 0.14 mm 192E�6 230E�6 27.0 kPa
Final 0.49 mm 201E�6 360E�6 15.5 kPa

Fig. 20. Comparison of the mechanical responses across three dynamic of simulations.
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It should be noted that the effect of shakedown in the
compaction of the base layer resulted in less stress transfer
to the subgrade layers. Such a finding can be important in
Fig. 21. Comparison of final hysteresis loops in base.
the design of road pavement especially when poor sub-
grade condition is presented.

Whilst this research tried to enlighten the significance
of dynamic analysis of flexible pavement and SAI effects,
it should be noted that the concept of cross-anisotropic
behaviour of UGM is not considered in the numerical sim-
ulation. It is expected that the cross-anisotropic behaviour
of UGM could have a major effect on the total response of
layered structure of flexible pavement; however, this was
out of scope of current study.

The concept of shakedown is one of the growing
research subjects to analyse rutting damage of flexible
pavements. Although the behaviour of UGM is complex
to model, shakedown is one of the validated responses of
UGM under the cyclic loading in laboratory tests
(Chazallon et al., 2009; Siripun et al., 2010; Cerni et al.,
2012) and field experiments (Chazallon et al., 2009). So
far the rutting damage is predicted by combination of
mechanistic and empirical approaches. Integration of the
shakedown concept in pavement design can provide a fully
mechanistic tool to predict rutting damage and optimise
the designed asphalt thickness.



Table 6
Comparative percentage of four critical responses across the different simulations.

Time Vertical deflection
(top of AC) (%)

Tensile strain
(bottom of AC) (%)

Compressive strain
(top of SG) (%)

Compressive stress
(top of SG) (%)

Simulation 1 First 1000th cycles 39.60 64.94 23.09 37.69
Final 99.01 454.55 92.55 113.81

Simulation 2 First 1000th cycles 39.60 72.73 46.81 60.85
Final 57.43 49.35 51.06 37.14

Simulation 3 First 1000th cycles 37.62 83.12 24.47 53.20
Final 48.51 87.01 38.30 30.49

Static 100 100 100 100
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Conclusion

The finite element simulation of layered flexible pave-
ment is an effective approach in the mechanistic design
of road pavement. In this research a comprehensive study
on the dynamic simulation of flexible pavement is con-
ducted. Special attention is paid to the mechanical beha-
viour of granular materials under long term cyclic
loading. In this regard, the effects of shakedown and the
interactional force between the asphalt and the base layer
are considered. Based on this study, the following points
can be concluded.

It is observed that compared with static loading,
dynamic simulation resulted in lower values in terms of
four critical design parameters which are surface deflec-
tion under tyre, tensile strain at the bottom of the asphalt
layer, compressive stress at the top of subgrade and com-
pressive strain at the top of subgrade. In comparing the
first 1000 cycles of dynamic analyses with static analysis
it can be stated that firstly, the surface is less than 50% of
the static simulation in all of the three dynamic simula-
tions. Secondly, the tensile strain reduces more than 15%.
Thirdly, the compressive stress at the top of subgrade is
less than 65% of static analysis, and finally the compressive
strain at the top of subgrade is less than 50% of static anal-
ysis in all simulations.

The interactional forces between asphalt and base can
have a significant influence on the final mechanical
responses of the layered pavement structure and should
not be ignored especially in dynamic simulation. These
effects will result in reduction in currently used critical
design value in pavement structure and the unnecessary
over engineering of pavement thickness.

The shakedown concept can be successfully imple-
mented in FEM simulation through the method introduced
in this research. This can have a significant effect on the
simulation of the pavement layers under cyclic loading.

In the simulation of a single pavement layer, the
assumption of Mohr–Coulomb constitutive models
resulted in ‘‘ratcheting” behaviour, implementation of the
shakedown concept resulted in a ‘‘plastic shakedown”
response and consideration of SAI resulted in a ‘‘elastic
shakedown” response. Therefore, it can be said that in a
long term dynamic simulation all the effects of shakedown
and SAI should be noted to achieve a realistic simulation.

Hysteresis loops of stress–strain in the base layer could
be used as an indicator of the mechanical responses of the
materials according to the shakedown concepts.
Infinite boundary conditions with sufficient distance
from the loading tyre found to be a proper simulation of
the realistic conditions.

Inclusion of SAI resulted in higher tensile strain at the
bottom of asphalt layer in the dynamic simulations. This
strain is the main parameter in the fatigue analysis of the
road pavement. Therefore, SAI has an adverse effect on fati-
gue performance of flexible pavement structure.

Inclusion of SAI resulted in lower compressive strain at
the top of subgrade layers. When shakedown effects are
also considered, the value decreased further under long
term dynamic simulation. Since the compressive strain of
the subgrade layer is the leading parameter in rutting fail-
ure, it can be said that SAI has a positive effect on the rut
performance of the flexible pavement structure.
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